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ABSTRACT
We use the matching method to investigate the first-order phase transition in holo-
graphic superconductor and superfluid. We first use the simple holographic supercon-
ductor model to describe the matching method and mention how to see the first-order
phase transition. Next, we study the holographic superconductor with Stu¨ckelberg
term and see that the analytic results indicate the existence of first-order phase transi-
tion. Finally, we study the holographic superfluid and show that the first-order phase
transition can be found for some values of parameters. We determine the critical value
analytically and compare it with the previous numerical result.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
The AdS/CFT correspondence is a powerful tool to deal with strongly coupled systems
and is regarded as one of the most remarkable discovery in string theory [1,2,3]. In
the recent years, the AdS/CFT correspondence has been applied to study strongly
coupled phenomena in condensed matter physics, which was initiated in [4]. Inspired
by the idea of spontaneous symmetry breaking in the presence of horizon [5], the
holographic superconductors established in [6] are the remarkable example where the
Gauge/Gravity duality plays an important role.
To map a superconductor to a gravity dual, it needs to introduce temperature by
considering a black hole background [2] and a condensate through a charged scalar
field [4]. To reproduce the superconductor phase diagram, the black hole needs to
have scalar hair at low temperature, but no hair at high temperature. Since the
gauge/gravity duality traditionally requires that spacetime asymptotically approach
anti-de Sitter (AdS) space at infinity, the original paper [5,6] considered a Maxwell
field, Aµ, and a charged complex scalar field, Ψ, in 3+1 black-hole AdS spacetime
which is dual to a 2+1 dimensional theory. After slightly investigation it left only two
ordinary differential equations which describe two fields. The conditions of regularity of
the fields at the horizon give two conditions for the two fields on the horizon. Depending
on the observation we can choose a condition for Ψ on boundary and eventually it left
only a one parameter family of solutions. Thus, after assigning the parameter, for
example the chemical potential, the solution can be solved numerically.
Recently, two analytical approaches have been proposed to analytically calculate
some properties of the holographic superconductors. The method in [7] is based on the
matching of the field expanded near the horizon and that expanded near the asymptotic
AdS region. The authors of [8] used the variational method for the Sturm-Liouville
eigenvalue problem. Both methods had been extensively applied to study several sys-
tems in recent [9-14]
In the present paper we will use the simple matching method to investigate the
phase transition in holographic superconductor and superfluid. In section II we first
use the holographic superconductor to describe the matching method and mention how
to see the first-order phase transition. In section III we use the matching method to
study the holographic superconductor with Stu¨ckelberg term. The numerical property
of the model had been studied in [15] and found that it will become first-order phase
transition in some cases. The analytic study of the model with Stu¨ckelberg term which
gives second order phase transition had been studied in [11]. In this section we focus
on that with the first order transition. We get the transition temperature and compare
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it with the numerical result of [15].
In section IV we use the matching method to study the holographic superfluid in [16]
(see also [17]). The model has three fields and is described by three non-linear ordinary
differential equations. The high nonlinear property in the differential equations makes
them be intractable analytically and the investigation of integrating the equations
numerically had detailed in [16]. Some analytic properties had been studied in [9] and
in this paper we will focus on the the first order transition therein. We show that
the first order transition can be found for some values of parameters. Especially, we
determine the critical value analytically and compare it with the numerical result of
[16]. Last section is devoted to a short conclusion.
2 Matching Method in Holographic Superconduc-
tor
The holographic superconductor studied in [6] was considering the Maxwell field Aµ
minimally couple to charged scalar field Ψ which is described by action
S =
∫
d4x
√−g
(
− 1
4
F µνFµν − |∂Ψ− iAµ|2 + 1
2
|Ψ|2
)
(2.1)
The fields are propagating on the fixed AdS black hole background
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2), f(r) = r2
(
1− r
3
H
r3
)
(2.2)
in which the Hawking temperature is T = 3rH
4pi
. After taking the static gauge we choose,
Aµ(r) = (φ(r), 0, 0, 0) and Ψ is a real function Ψ(r), the associated field equations are
0 = φ′′ − 2Ψ
2
z2(1− z3)φ (2.3)
0 = Ψ′′ − 2 + z
2
z(1− z3)Ψ
′ +
( φ2
r2H(1− z3)2
+
2
z2(1− z3)
)
Ψ (2.4)
in which we have changed to the variable z ≡ rH
r
. Thus the horizon is at z = 1 and
boundary is at z = 0.
The regular solution near boundary can be found from above two field equations.
To the second oder the results are
φ(0)(z) = µ− q z +O(z4) (2.5)
Ψ(0)(z) = 0 + Cz2 +O(z4) (2.6)
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in which µ is the chemical potential, ρ ≡ qrH is the charge density and condensation
is defined by 〈O〉 ≡ √2 C r2H 1 .
The regular solution near horizon can be found from above two field equations. To
the second oder the results are
φ(H)(z) = 0 + b(1 − z) + 1
3
a2b(1 − z)2 + .... (2.7)
Ψ(H)(z) = a− 2
3
a(1− z)− a (b
2 + 8r2H)
36r2H
(1− z)2 + ... (2.8)
The matching method is to match the fields and their derivations which are expanding
about z=1 to a finite order be equal to their expanding about z=0 to a finite order
at a point 0 < zm < 1. I.e. φ
(0)(zm) = φ
(H)(zm), φ
(0)(zm)
′ = φ(H)(zm)
′, Ψ(0)(zm) =
Ψ(H)(zm), Ψ
(0)(zm)
′ = Ψ(H)(zm)
′.
Consider the case which is matched at z = 1/2 we get the following equations (this
is first derived in [7]):
0 =
a2b
12
+
b
2
− µ+ 3ρ
8piT
(2.9)
0 = −a
2b
3
− b+ 3ρ
4piT
(2.10)
0 =
1
4
(
− ab
2
64pi2T 2
− 2a
9
)
+
2a
3
− 9 〈O〉
64
√
2pi2T 2
(2.11)
0 =
ab2
64pi2T 2
+
8a
9
− 9 〈O〉
16
√
2pi2T 2
(2.12)
Solving above equation we find the order parameter and critical temperature TA:
〈O〉 = 20
9
piT
√
−32
3
pi2T 2 +
3ρ√
7
, ⇒ TA = 3
4
√
ρ
2pi2
√
7
≈ 0.1038√ρ (2.13)
Note that the numerically critical value is TN ≈ 0.118√ρ. Thus, the error
∆T/TN = (TN − TA)/TN = 12% (2.14)
which was first derived in [7]. We plot above 〈O〉 vs. temperature in the dashing line
of following diagram. For comparison, we also plot in figure 1 a solid line which is that
in mean field approximation and a dot line which is the system with first-order phase
transition.
1Case of condensation with dimension 1 is described by Ψ(0)(z) = 0 + C1z + ... which can be
analyzed in the same way and is neglected hereafter.
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Fig.1. Condensation vs. Temperature. Dashing line is the matching method result.
Solid line is the mean field result. Dot line is the system with first-order phase transi-
tion.
From above diagram we see that, while the matching method can see the university of
critical exponent 1/2 in Tc ∼ √ρ the value of condensation 〈O〉 is totally wrong when
T → 0.
Figure 1 tells us that there are two crucial properties for condensation 〈O〉 in the
first-order phase transition :
(I) It have two solutions of condensation 〈O〉 in some temperatures near Tc.
(II) One of condensation 〈O〉 is an increasing function when temperature is near
transition temperature.
These two properties will play crucial roles in following investigation about the
systems with first-order phase transition. We will see that property (I) will show in
section III while property (II) will show in section IV.
3 Matching Method in Holographic Superconduc-
tor with Stu¨ckelberg Term
The holographic superconductor with Stu¨ckelberg term studied in [15] was considering
the Maxwell field Aµ minimally couple to a pair of real scalar fields (Ψ, ϕ) which is
described by action
S =
∫
d4x
√−g
(
− 1
4
F µνFµν − 1
2
∂µΨ∂
µΨ+Ψ2 −Ψn|∂ϕ− Aµ|2
)
(3.1)
The fields are propagating on the fixed AdS black hole background described in section
II.
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After choosing gauge ϕ = 0 and adopting Aµ = (Φ, 0, 0, 0) the field equations are
0 = φ′′ − 2Ψ
n
z2(1− z3)φ (3.2)
0 = Ψ′′ − 2 + z
2
z(1 − z3)Ψ
′ +
2Ψ
z2(1− z3) +
nΨn φ2
r2H(1− z3)2
(3.3)
The numerical had found that above model will gives first order-phase transition if
n > 2. In section we will discuss how to see the first-order phase transition in the
analytic matching method in the case of n=3.
As before, the regular solutions near boundary and horizon can be found from above
two field equations. The results are
φ(0)(z) = µ− 3ρ z
4piT
+ .... (3.4)
Ψ(0)(z) =
9 〈O〉 z2
16
√
2pi2T 2
+ ... (3.5)
φ(H)(z) = b(z − 1) + 1
3
a3b(z − 1)2 + .... (3.6)
Ψ(H)(z) = a+
2
3
a(z − 1) +
(
− 3a
2b2
64pi2T 2
− 2a
9
)
(z − 1)2 + .... (3.7)
in which µ is the chemical potential, ρ is the charge density and condensation is defined
by : 〈O〉.
We then match the above fields and their derivation at z = 1/2 and it gives following
equations:
0 = −µ + b
2
+
a3b
12
+
3ρ
8piT
(3.8)
0 = −b − a
3b
3
+
3ρ
4piT
(3.9)
0 =
2a
3
+
1
4
(
− 3a
2b2
64pi2T 2
− 2a
9
)
− 9 〈O〉
64
√
2pi2T 2
(3.10)
0 =
8a
9
+
3a2b2
64pi2T 2
− 9 〈O〉
16
√
2pi2T 2
(3.11)
Solving above equation we find that the condensation satisfies the equation
0 = 301327047
√
2〈O〉6 + 188116992000pi6〈O〉3T 6
− 167961600000pi6〈O〉ρ2T 6 + 14680064000000
√
2pi12T 12 (3.12)
which, however, could not be solved exactly. After numerically solving we plot above
〈O〉 vs. temperature in the following diagram. (both diagrams are very similar)
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Fig.2. Condensation vs. Temperature in matching method. The condensation is zero
at zero temperature is wrong. However, the existence of two solution for a temperature
indicates that it has first-order phase transition.
It is clear that there appears two solutions at finite temperature, which indicates that
it has first-order phase transition. Note that the condensation near T=0 becomes zero
is wrong as mentioned in section II. Nevertheless, the property that appearing double
solution of condensation at a temperature in first-order phase transition still shows in
the matching method.
To see the property from pure analysis we can consider the small value of 〈O〉. In
this case, the first term in above equation can be neglected and it remains a three-order
equation:
0 = 188116992000pi6〈O〉3T 6 − 167961600000pi6〈O〉ρ2T 6
+ 14680064000000
√
2pi12T 12 ≡M(〈O〉) (3.13)
It can be seen thatM(〈O〉) is positive if 〈O〉 =0 and it becomes negative while increas-
ing 〈O〉 and, eventually it becomes positive. Also, M is negative if 〈O〉 is sufficiently
negative. Above analysis thus tell us that we have two positive solutions of 〈O〉, which
indicates that the phase transition in this model is first order. As above equation is
three order the solutions of condensation 〈O〉 can be found exactly. For example one
of them is
O = 5(81× 21
1/3ρ2 + Z2/3)
18× 212/3 Z1/3 (3.14)
Z =
√
7
√
184146722816pi12T 12 − 1594323ρ6 − 802816
√
2pi6T 6 (3.15)
The analytical result tells us that only if
T ≤
( 1594323ρ6
184146722816pi12
)1/12
= 0.121
√
ρ ≡ TA (3.16)
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can we find the double solutions of 〈O〉. This means that the transition temperature
must less then TA. The numerical calculation in [15] found that first-order phase
transition is at TN = 0.113
√
ρ. Thus
∆T/TN = (TN − TA)/TN = 7.1% (3.17)
Note that, in fact, we need to compare the free energy of each solution, including zero
condensation. Use the property that the lowest free energy is the stable one we could
then find the transition temperature. Although the method of calculating free energy
in ads/cmt was detailed in [16] it cannot be applied in our analysis, because we can
not find the analytic form of solution.
Finally, we comment that above equation tells us that solution can give 〈O〉 = 0
only if T=0. This feels short of author’s expectation. Initially, we expect that we can
find the solution 〈O〉 = 0 near Tc 6= 0, likes as that in figure 1. Then at first-order phase
transition the condensation is an increasing function near TC . While this expectation
is not shown in section it is indeed shown in the holographic superfluid model studied
in the next section.
4 Matching Method in Holographic Superfluids
We now turn to the model of superfluid proposed and studied numerically in [16].
The model action is the same as section II but it needs to deal with 5 fields : Aµ =
(φ,Ax, Ay, Az) and a scalar field Ψ.
0 = φ′′(z)− Ψ(z)
2φ(z)
z2 (1− z3) (4.1)
0 = A′′i (z)−
3z2A′i(z)
1− z3 −
Ψ(z)2Ai(z)
(1− z3) z2 , Ai = Ax, Ay, Az (4.2)
0 = Ψ′′(z)− (z
3 + 2)Ψ′(z)
z (1− z3) +
φ(z)2Ψ(z)
r2 (1− z3)2 −
Ai(z)
2Ψ(z)
r2 (1− z3) +
2Ψ(z)
z2 (1− z3) (4.3)
As before, the regular solutions near boundary and horizon can be found from above
two field equations. The results are
φ(0)(z) = µ0 − 3ρ0 z
4piT
+ .... (4.4)
A
(0)
i (z) = µi −
3ρi z
4piT
+ .... (4.5)
Ψ(0)(z) =
9 〈O〉 z2
16
√
2pi2T 2
+ .... (4.6)
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φ(H)(z) = 0 + b0(1− z) + 1
6
a2b0(1 − z)2 + .... (4.7)
A(H)x (z) = b1 +
1
3
a2b1(1− z) + a
2b1 ((a2 + 8) r2 + 6b12) (1− z)2
36r2
+ ... (4.8)
Ψ(H)(z) = a+ a(1− z)
(
b12
r2
− 2
3
)
+
a (−r2 (b02 − 6 (a2 − 2) b12) + 9b14 − 8r4) (1− z)2
36r4
+ .... (4.9)
in which µ0 is the chemical potential, ρ0 is the charge density and condensation is
defined by 〈O〉. As µi is the superfluid velocity and ρi is the charge currents we will
assume that the superfluid velocity and current only along x-axe. Thus we remain only
Ax component.
As before, we then match the above fields and their derivations at z = 1/2. It then
gives following six equations:
0 = −µ0 + b0
2
+
3ρ0
8piT
+
a2b0
24
(4.10)
0 = −b0 + 3ρ0
4piT
− a
2b0
6
(4.11)
0 = −µ1 + b1 + a
2b1
6
+
3ρ1
8piT
+
a2b1
(
2b12 + 16
9
(a2 + 8)pi2T 2
)
256pi2T 2
(4.12)
0 =
3ρ1
4piT
− a
2b1
3
−
a2b1
(
2b12 + 16
9
(a2 + 8)pi2T 2
)
64pi2T 2
(4.13)
0 = a− 9〈O〉
64
√
2pi2T 2
+
1
6
a
(
9b12
16pi2T 2
− 2
)
+
9a
(
−16
9
pi2T 2 (b02 − 2 (a2 − 2) b12) + b14 − 2048pi4T 4
81
)
4096pi4T 4
(4.14)
0 = − 9〈O〉
16
√
2pi2T 2
− 1
3
a
(
9b12
16pi2T 2
− 2
)
−
9a
(
−16
9
pi2T 2 (b02 − 2 (a2 − 2) b12) + b14 − 2048pi4T 4
81
)
1024pi4T 4
(4.15)
It is hard to analytically solve above six equations to find condensation 〈O〉 and we
will turn to find an approximation.
Form last two equations we see that condensation 〈O〉 is proportional to a. There-
fore we will analyze the case of small condensation 〈O〉, which may be at T = 0 or
near Tc (see figure 1). Let us detail the method in following steps:
Step 1. Using first and second equations we can delete ρ0 and find solution
b0 =
8µ0
a2 + 8
= µ0 − a
2µ0
8
+
a4µ0
64
+ ... (4.16)
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Step 2. Using third and fourth equations we can delete ρ1 and find solution
b1 = µ1 +
(
−µ1
2
− 3µ
3
1
128pi2T 2
)
a2 +
(
11µ1
48
+
27µ51
16384pi4T 4
+
3µ31
64pi2T 2
)
a4 + .. (4.17)
Above two results are used to express b0 and b1 in terms of a.
Step 3. From fifth and sixth equations we can delete 〈O〉. After substituting above
solutions of b0 and b1 into it we can find a, which is function of µ0, µ1 and T .
Step 4. Substituting this solution of a into above solution of b0 and b1 we then
have expressed a, b0 and b1 in terms of µ0, µ1 and T .
Step 5. Substituting solutions of a, b0 and b1 into the fifth equation we finally
obtain the function of condensation:
〈O〉 = 27
√
3µ31
2048piT
+
piT (3843µ21 − 377µ20)
2304
√
3µ1
− pi
3T 3 (943µ40 + 5336µ
2
0µ
2
1 + 87491µ
4
1)
5184
√
3µ51
+O(T 4) (4.18)
The above solution of condensation 〈O〉 is not zero at T=0. Thus, it shall be corre-
sponding to that near Tc in figure 1. Note that, Tc is the second-order phase transition
point but it is not the first-order phase transition point. Also, to obtain the above
relation we have expanded temperature to order O(T 4), thus our result is reliable only
at small T. In fact, as T is proportional to chemical potential µi, our result is applicable
at small of µi.
Thus, if 3843µ21 − 377µ20 < 0 then the condensation is a decreasing function and it
corresponds to second-order phase transition (i.e. the solid line in figure 1). On the
other hand, if 3843µ21− 377µ20 > 0 then the condensation is an increasing function and
it corresponds to first-order phase transition (i.e. the dotting line in figure 1).
Therefore we conclude that the analytically critical value of ratio RA is at
RA ≡ µ1
µ0
=
√
377
3843
= 0.3132 (4.19)
Above this critical value the superfluid will have first-order phase transition.
Note that the numerical result calculated in [16] is RN = 0.274. Thus the error of
ratio in our analytic analysis is
∆R/RN = (RA − RN )/RN = (0.3132− 0.274)/0.274 ≈ 14% (4.20)
Note that the error of critical temperature in analytic holographic superconductor is
∆T/TN ≈ 12%, as mentioned in section II [7]. It is interesting to see that both errors
are close.
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5 Conclusion
In the present paper we use the simple matching method [7] to investigate the phase
transition in holographic superconductor and superfluid. We first use the holographic
superconductor to describe the matching method and mention two way to see the first-
order phase transition. The, we analytically study the holographic superconductor with
Stu¨ckelberg term and see that there are two possible condensations at a temperature.
This indicates that the model has first-order phase transition. We get the transition
temperature therein and compare it with the numerical result of [15]. We also use the
matching method to study the holographic superfluids. We show that the first order
transition can be found for some values of parameters and determine the critical value
analytically therein. We compare it with the previously numerical result of [16].
The investigations of this paper show that the simple matching method [7] can
be applied to study the first-order phase transition in AdS/CMT. It is expected that
the Sturm-Liouville method [8] can also be applied to investigate the first-order phase
transition. The study on the problem is under the investigation and will be presented
elsewhere.
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